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ABSTRACT. We prove that the "good" Boussinesq model is locally well-posed in the space 
H~ a x H~ a ~ 2 , a < |. In the proof, we employ the method of normal forms, which allows 
1 us to explicitly extract the rougher part of the solution, while we show that the remainder 

H , is in the smoother space C([0,T],HP(T)), (3 < min(l - 3a, ± - a). Thus, we establish 

a smoothing effect of order min(l — 2a, i) for the nonlinear evolution. This is new even 
in the previously considered cases a e (0, 4). 

. 1. Introduction 



> 



O 



(i) 



We consider the Cauchy problem for the periodic "good" Boussinesq problem 

Utt + u xxxx — u xx + (u p ) xx = 0, (t, x) G R^ x T 
u(0, x) = Uo(x); u t (0, x) = ui(x) 

This is a model that was derived by Boussinesq, [4j, in the case p = 2 and belongs to a 
family of Boussinesq models, which all have the same level of formal validity. We will 
consider mostly the original model (i.e. with p = 2), but we state some previous results in 
this generality for completeness. 

It was observed that (Q]) exhibits some desirable features, like local well-posedness in 
various function spaces. Let us take the opportunity to explain the known results. Most 
of these results concern the same equation on the real line. It seems that the earliest work 
on the subject goes back to Bona and Sachs, who have considered (OQ) and showed well 
posedness in H^ + {H r ) x i/2+(R 1 ), [2J. Interestingly, global well-posedness for (OQ) does 
not holdl even if one requires smooth initial data with compact support. In fact, there are 
"instability by blow-up" results for such unstable traveling waves for this equation. 

Tsutsumi and Mathashi, ll2~3l . established local well-posedness of (0Q) in iJ 1 (R 1 ) x 
//^(R 1 ). Linares lowered these smoothness requirement to L 2 (R X ) x /7~ 2 (R 1 ), 1 < 
p < 5. In the same paper, Linares has showed the global existence of small solutions. 
Farah, [[5]| has shown well-posedness in if^R 1 ) x ^ S_2 (R 1 ), when s > —1/4 and the 
space H a is defined via H a = {u : u x G if a_1 (R 1 )}. Farah has also established ill- 
posedness (in the sense of lack of continuous dependence on initial data) for all s < —2. 
Kishimoto and Tsugava, |Q3j] have further improved this result to s > — 1/2, which seems 
to be the most general result currently available for this problem. 
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Regarding the case of periodic boundary conditions, Fang and Grillakis, [7] who have 
established local well-posedness in H S (T) x H S ~ 2 (T), s > (when 1 < p < 3 in 
([I])). This result was later improved to s > —1/4 for the quadratic equation by Farah 
and Scialom, @, by utilizing the optimal quadratic estimates (proved in the paper) in the 
Schrodinger X s ' b spaces. In addition, he showed that these estimates fail below s < —1/4. 
Thus, local well-posedness for (Q~|) in iJ _1 / 4 + is the best possible result, obtainable by this 
method. 

Next, we point out that the initial value problem for the Boussinesq problem (QQ) is very 
closely related to the corresponding problem for quadratic Schrodinger equation 

(2) iu t + u xx + F(u, u) = 0, 

where F is a bilinear form, which contains expressions in the form u 2 , uu, u 2 . Recall that 
Kenig, Ponce and Vega, [11] have established the local well-posedness in .f/' _1 / 4+ (R 1 ) for 
©, while later Kishimoto-Tsugava, [14] (see also |[T2ll . ffi~3~10 have established the sharp- 
ness of this result on the line (when the nonlinearity is uu). 

Our main concern in this paper is to extend the results of Farah and Scialom, [|6l to 
even rougher initial data, namely in the class H S (T) x H S ~ 2 (T), s > —3/8. As we have 
mentioned above, the method of Farah and Scialom is optimal as far as the estimates are 
concerned. Our approach is similar to our earlier paper, [17], where we apply the method 
of normal forms. The idea is that the roughest part of the solution to the nonlinear equation 
is the free solution, while the rest is actually much smoother. This allows us to obtain a 
smoothing estimate for the solution, in the sense described in our main result, Theorem Q] 
below. 

Before we state our results, we introduce our setup. The Fourier transform and its inverse 
in the time variable are defined via 



Next, we identify the torus T with the interval [0, 2ir]. In particular, for a smooth 2tt- 
periodic function / : [0, 2n] — > C, define the Fourier coefficients via 






The Schrodinger X e sb} e = ±1 spaces, which will be relevant for our considerations, are 
defined via the completion of all sequences of Schwartz functions^ F = {F n } ne z\{oy, 
F n : R 1 — > C, in the norm 



(3) 




2 Here, we take only those functions F = (F n ), so that there exists N, so that F n (t) = 0, for all |n| > N. 
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In our definition ©, we have restricted to the space of functions with spatial-mean zero 
(i.e. f T f(t, x) dx = for all t e R). We will justify this reduction in Section 1270 
Observe that we have the duality relation (X^ b )* = XZ S _ b . 

Theorem 1. Let < a < 3/8 and p = 2. The Cauchy problem (OQ) is locally well- 
posed in H~ a (T) x H- a - 2 (T). That is, given f e H~ a and g e H- a ~ 2 , there exists 
T := T( ll/H H-a + 1 1 1 1 —ct—2 ) > and a unique solution u G C°([0, T]; H~ a ) of (OQ). 
Furthermore, we have the following representation formula for the solution u 

(4) u{t) = i- J\ + e-^ A ^[cos(t<M^)uo + ^^^^ i] + z, 

where A = ± u (x)dx, A x = ± f Q 27r u x {x)dx, V = d xx (d% - dl)~ 1/2 and 
z e C7 t °([0, T]; Hg(T))for any f3 : < min(l - 3a, \ - a). 

In particular, for data (w , u i)> so that J Q 27r u (x)dx = = J Q 27r Ui(x)dx, we have 



u 



COS(V^ - d 2 x )U + ^ _ ^ U! 



eC^[0,T};H^(T)). 



2. Some preliminaries 

We first make a reduction of the Cauchy problem (OQ) to reduce to the case of mean value 
zero solutions, since this will be important for our argument. 

2.1. Some reductions of the problem. Observe that if 

oo 

u(t,x) = Ht,n)e inx , 

n=—oo 

and if we consider the evolution of the zero mode, u(t, 0), we find easily that 

d 2 u(t,0) 
dt 2 

Equivalently, integrating the equation in x yields u a (t, x)dx = 0, whence 

2-7T r2n r2l\ 

u(t,x)dx — / u(0, x)dx + 1 / u t (0, x)dx 
o Jo Jo 

Thus, setting w : u(t, x) — ^ u(t } x)dx + v (t, x), so that 

u(t,x) = — I / u(0,x)dx + t / ut(0,x)dx ) + v(t,x) 
27r \Jo Jo J 

we conclude that J 2w v(t, x)dx = 0. Denoting 

2 / rill r2iT 

A(t) = — ( / u(0,x)dx + t / u t (0,x)dx 



2vr \J 
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we see that CD is equivalent to the nonlinear problem 

v a + v xxxx - v xx + (A(t) + v) 2 xx = 



(5) 



v(0,x) = u (x) - i J 27r u (x)dx;v t (0,x) = u x {x) - ^ J q 2t ui(x)d; 



x. 



We would like to consider the problem with data in the Sobolev spaces H~ a , but to make 
our notations simpler, we prefer to work in L 2 (T), so we transform the equation © in 
L 2 (T) context. Namely, we introduce w = (V)~ a v , that is 



w(t, x) = —j—^ — e 
v ' ' ^ (n) a 



nix 



Note that by construction f Q n w(t, x)dx = 0. We can rewrite now © as follows 

in.. — 1/1 -I- 1/1 

(6) 



w tt - w xx + w xxxx + 2A(t)w xx + (V)- a d 2 x ((V) a w) 2 = 0, x G T, t > 
w(0, x) = f(x) G L 2 (T); w t (0, x) = g(x) G #- 2 (T) 



piirnx 



where 

= y> u (n) ■ ^i(n; 

Note that f T f(x)dx = 0, J T g(x)dx = 0. 

Set L := \/d% — d 2 . Note that Lh(k) = \k\y/l + k 2 h(k). Furthermore, in the space of 
functions with mean value zero, L is invertible, with inverse given by 

L- 1 h(x) = J2 ]hl 7 L= h(k)e ik *. 

By the Duhamel's principle, © is equivalent to 

(7) w(t, x) = cos(tL)f(x) + sin(tL) [L~ l g\ 

+ [ sm((t - s)L)L- 1 [2A(s)w xx + (V)- a d 2 x ((V) a w(s, -)) 2 }ds. 
Jo 

Using Euler's formula, we can write w = w + + w~, where 

p itL £ itLj-1 -1 ft 

w +(t,x) = —^-+ . +- / e lit - s)L [F{w + )+Ar{w + + w-,w + +w-)]ds 

-itL f -itL T~l n 1 ft 

w -(t x ) = ^—± / e - l{t - s)L \F{ W -)+M{w + + w~,w + + w-)]ds 

2 2i 2i Jo 

where F(w) = 2A(s)L~ 1 d xx w and Af{u, v) := L- 1 (V)- a d^((V) a u(V) a v). Thus, we 
have replaced the single wave equation for w into a system of equations, involving w + , w~. 
Namely, denoting £(/, g) := ^e ttL f + —e^L^g (or C for short), we have 



(8) 



(d t -iL)w + = F(w + ) + M(w + + w',w + + w~), 

(d t + iL)w~ = F(w ) + J\f {w + + w~, w + + w ), 

w+(0,x) =C(0) = y- + j- i L- 1 geL 2 

w-(0,x) =C(0) = U-U- 1 geL 2 
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The term F(w ± ) creates certain complications, mostly of technical nature, which we now 
address. Write 

F{w)(s) = 2A{s)L- 1 d xx = (Aq + sAJVw, 

where A = - u (x)dx, A\ = - U\(x)dx are scalars and V := L~ l d xx is an order 
zero differential operator, given by the symbol — J|L and hence bounded on all Sobolev 
spaces. We now resolve the inhomogeneous equation (dt — iL — F)w + = G (for any right 
hand side G) in the following way. Introduce 

2 

where e^° s+Al ^"^ is a bounded operator on any L 2 based Sobolev space, which can be 
represented for example by its power series. We have 

(d t - iL)w + = e^ t+A ^ r {d t - iL)w + + (A + tA 1 )Ve^ Aot+A ^ r w + = 
= e {Aot+A ^ )v (d t - tL)w + + F[w + ]. 

Thus, 

G = (d t - iL - F)w + = e {Aot+A ^ )v {8 t - iL)w + , 

whence^ 

{d t -iL)w + = e-^ t+A ^ v G. 

Similar computations work for w~. Thus, we have reduced © to the following equation 

for w + 

(9) (d t - tL)w + = e ^ Aot+A ^ v Af(e (Aot+A ^ v (w + + w~), e^ t+A ^ )v (w + + «T)), 

and similar for if - . Observe that w + (0) = C(0) and w~(0) = C(0). For convenience, 
introduce the notation 

(10) Af(u,v) := e -^ Al $y p M(e^ Al & v u,e^ A &' p v), 
so that our main governing equation ©, now takes the form 

(d t — iL)w + = J\f(w + + w~ ,w + + w~) 

,2 

We note that the operators e M A ot+M^)v are m0 stly harmless, in the sense that they are 
bounded on all function spaces considered in the paper. At first reading, the reader may as 
well assume that A = A 1 = (which corresponds to the important case of mean value 
zero data) to avoid the cumbersome technical complications. 

3 Note that e -{A t+A^)v is the (bounded) inverse of e { - A ° t+Alt ^ )v 
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2.2. Construction of the normal forms: the case with mean value zero. We start with 
the case A = Ai = in order to simplify matters. In the next section, we indicate how to 
handle the general case. 
Clearly, we have 

(11) \\c(f, g )\\ LHT) < ±\\f\\ L * + IihvHv}- 1 ^ ~ ll/lb + IMk-. 

We introduce further variables z ± , so that w + = £ + z + , w~ = £ + z~ . This yields a new 
set of two equations for the unknowns z ± . Furthermore, the nonlinearities take one of the 
following forms: 

Af {£,£), Af(AZ), N(£, z ± ), Affcz^), Af{z ± ,z ± ). 

We construct an explicit solution, in the form of a bilinear pseudo-differential operator (i.e. 
a "normal form"), which will take care of the first three non-linearities, that is those in the 
form Af(£, £), Af(C, £), Af(£, C). That is, we are looking to solve for e = ±1, 

(12) (d t -ieL)h £ = 1 [Af(£, £) + 2Af(C, £) + Af{£, £)] . 

In order to prepare us for our choice of h £ , we need to display some algebraic relations for 
the symbols. More precisely, for e, £i, e 2 G { — 1, 1}, we have 



+ ei\Z\(0 + £2\v\(v}-£\Z + v\(Z + v)- 
which implies that for every bilinear pseudo-differential operator A a with symbol cr(£, 77), 
that is A a (u, v) = v ez a (£i ^)w(0^( r ?) e ^ +,? ' ):!: '■> we have 

(d t - iL)A a (u, v) = -i(A ff ((d t - iL)u, v) + A^tt, (d t - %L)v) + A M (w, v)), 

A*(e, V) = V)(a\m + e 2 \v\{n) -e\t + v\(t + v))- 
In particular, if u, v are free solutions, i.e. (d t — iL)u = (d t — iL)v = 0, we get 

(d t - iL)A a {u, v) = -iA^u, v). 

Thus, we define a bilinear pseudo-differential operator T by the formula 
(13) 

T^(vv)(r)-=-l V \Z + V\(0 a (v) a mv(v)e^ x 

2^^ ^ + v) 1+ ^ei\m + e2\v\(v)-e\^ + v\^ + v)] 

we get that 

(d t - ieL)T £ -> + ' + {£, £) = ^Af{£, £), 

(d t -ieL)T^-(£,£) = ^M(£,£) 

1% 

(d t -ieL)T £ --(£,£) = ^M (£,£), 
which allows us to get a solution of (fT2l) in the form 
(14) h £ = T £ ' + ' + {£,£) + 2T £]+ '-{£,£) + T e; ^ {£,£). 
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We perform another change of variables, \l/ ± : z ± = h^ 1 + ^I ± , so that 

(d t - iL)^ + = N{C + C,h ± + *±) + M{h ± + ± /i± + *±) 



(15) 



^+(0, x) = -[T+'+(£, £) + 2T+ '"(£, £) + T" "(£, £)]| 



t=0j 



similar formula holds for In fact, from now on, we will set e = +1, since the case 
e = — 1 can always be reduced to the case e = + 1. Thus, we drop e from our notations, 
for example T Sl ' e2 is used to denote T +1;£l ' £2 etc. 

With that, we have largely prepared the nonlinear problem to its current form (fl"5l) . Note 
that by our construction, \l/ ± is a mean value zero function. 

2.3. Construction of the normal forms: the general case. In the general case, and hav- 
ing in mind the particular form of the right-hand side of ©, we set w + = £ + z + , w~ = 
£ + z~. Note z ± {0) = 0. Similar to (fl4b . set 

ff _ e -(A t+A 1 4)'Pj'e;+,+^ e (Aot+Ai4)P£ )e (Aot+ J 4i4)'P£) + 

_l_ 2e" (Ao * +Al ^ )7, T E;+ ~(e (Ao * +Al ^ )p £,e (Ao ' +j4l ^ )7, £) + 

_|_ e -(A t+A 1 t 4)V T e;~,-^ e (A t+A 1 t 4)p-^^ e (A t+Ai £ )V £\ _ 



With this assignment for h e , we will certainly not get the nice exact identity (IT21) . However, 
we get something similar (up to an error term), which is good enough for our purposes. 
Namely, 

(d t -ieL)h £ = Af{£,£)+2j\f{C,£)+N '{£,£) + Err, 
where the error term contains all the terms obtained when the time derivative hits the terms 

2 

e ±( A ot+Ai—)P m f ormu i a f or \f _ Thus, a typical error term will be 

(16) Err ~ e~ {A " t+A ^ v {-A - A 1 t)V[T £ ' + ' + {e iA ° t+A ^ )v £, e {A » t+A ^ )r '£)]. 

Similar to Section [2T2l above, introduce the new variables ^> ± , so that z ± = Iv^ + That 
is, w + = £ + h + + \E' + , w~ = £ + h~ + We obtain the following equations for '^! ± 
(note the similarity to (fl"5l) ) 



(17) 



- zL)^+ = M{C + C,h ± + #±) + J /V > (/i ± + ±, /i± + #±) - Err 
*+(0,x) = -[T+>+(£,£) +2T+>-(£,£) + T~'-(£, £)]| t=0 , 

Note that for the initial data, that is at t = 0, 

etc. whence we get the same initial conditions in (flTl) and (fl31) . Thus, our equation (fTTT) 
will be the main object of interest for the remainder of the paper. 

2.4. X s,b estimates and embeddings. We now need to state the relevant a priori estimates 
for the linear problem 

Lemma 1. Let m solve the linear inhomogeneous problem 

{d t — ieL)m = F, m(0) = m . 
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Then, for all T > 0, s G R 1 and b > 1/2, we have for all cut-off functions r] G C£° 

(18) Ht)m\\ xlb < C v (\\m \\ HS + \\F\\ xlb J. 

Proof. The proof is essentially contained in Proposition 3.12 in Tao's book, j[2T|. More 
precisely, Proposition 3.12 in J2TJ establishes estimates like (TT8l) for arbitrary dispersion 
relations. As a result of it, we have 

(19) Ht)m\\ Ylb < C^\\m \\ H s + \\F\\Y lb J, 
where 



1 s,o 



( / £ (l + |T-e|n|(n)|) a <n) 
\/ R1 ngZ\{0} 



1/2 



2s 



FJrWdr 



The difference between (1191) and the estimate (1181) is that we insist on using the standard 
Schrodinger X s b spaces, instead of the less standard Y s b spaces. But in fact, the two spaces 
are equivalent. That is, we claim that the symbols are equivalent in the following sense. 
More precisely, since < \n\ (n) — n 2 < 1, we have that the two norms II • live and II ■ ||x £ 

A l l \ / 1 1 1 1 s,6 11 1 J s,b 

are equivalent (for all values of the parameters e, s, b) and hence (fT9l) is equivalent to ([TBI , 
and hence (fT8l is established. □ 



Next, there is the following important embedding result, due to Bourgain, 
Lemma 2. The following embeddings hold: X » C Lj x and i , C L\ x . 

The stability of the X\ b norms with respect to products with smooth functions is the 
following standard 

Lemma 3. For a cut-off functions r\ G C^°, there is C = C v , so that 

\\r]{t)m\\ xlb < C\\m\\ xlb . 

Lemma [3] appears as Lemma 2. 1 1 in ll2Tft . From the proof of Lemma[3l it can be inferred 
that for b G (1/2, 1), one can select C v = C(||?7|| L i( R i) + Hr/'HzirRi)) for some absolute 
constant C . 

As a corollary, we derive the following estimate, which will be useful for us in the sequel 
(20) \\ V (t)e^ At+Bt2 ^m\\ xlb < C ViAB \\m\\ xlb . 

For the proof of (|20l) . take more generally a C 2 function g{t) instead of At + Bt 2 . One 
may expand the operator e 9 ^ v in power series 

g{tfV k 



k=0 



Thus, given that \\V\\ < 1, it is enough to show that \\r](t)g(t) m\\x^ b < Cfc||^IUj 6 , so 
that -rf- < oo. By the remark above, one could take 

C k = CiWrj^g^U^W + \\(v(t)g(t) k )"\\ LH ^) < Ck\\ + \\g\\ c ^-M,M)) k 

where supprj C (-M, M). Since Y,t=i k2{1+M ^-w) )k <OQ ^^^ established. 
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3. Proof of Theorem Q] 

After the preparatory Section |2l we are ready to take on the proof of TheoremCQ Let us 
recapitulate what we have done so far. First, we have represented the original problem in 
the form of ©, which concern mean value zero L 2 solutions, that is we need to show well- 
posedness for L 2 x H~ 2 data for the problem ©. Next, instead of considering the second 
order in time equation, we have reduced to the first order in time system of equations for 
w ± , d8]). By an additional change of variables, this was replaced by the system © for the 
slightly modified w ± . Next, we have constructed in Section [2731 explicitly a solution /i ± to 
the linear inhomogeneous system with right hand sides involving the free solutions. That 
is, 

w + = £ + z + = £ + h + + w~ = £ + z~ = £ + h~ + 
In terms of w ± 

(21) w + = e -^ t+A ^ v [£ + h + + *+]; w- = e- ( - Aot+M ^ p [£ + h- + ^-}. 

Given that, as we pointed out earlier, the operators e ( j4 ° t+Al ^"^ are harmless (i.e. they 
preserve the relevant function spaces) and the explicit structure of £, h ± , it now remains to 
resolve the nonlinear equation for \E' ± , (fTTT) . We will do that, as we have indicated earlier, 
in the spaces X ± l , where 7 < min(|, 1 — 2a). 

Our next lemma shows that the initial data \l/ + (0, x) is H 1 smooth. 
Lemma 4. ForO < a < 1/2 ande l ,e 2 G {+1,-1}, we have T 6l > £2 : L 2 x L? -> H 1 
Proof. We define the symbols a £1,£2 based on the expression ([131 so that 



E 



e^ x . 



Note from the sum in (fl3l that a £l ' £2 = if + 77) = 0. Otherwise, we have 

(0 a (v) a 



+ v) a max(^ 2 , T) 2 ) ' 
1 



The following estimates are based on the size of symbols a ±,± . This is justified by 
taking absolute values on the Fourier side. 
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Letu,v e L 2 {T). Then 

\\T + > + (u,v)\\ Hl ~ llE (g _|l-a^l- a ^-^)N(Z) 



< 



< 



„ \- \v\(v) , I, g(v 

It r 2 > — — h rn rl U r2 

< IMIl 2 (t)IMU 2 (t)- 



, ,, v-^ 1 ... , 1 v-^ ~ v)v(v) ,1 



(77) ] 

^ IMU 2 (T)|MU 2 (T) 

where we have used Sobolev embedding and Holder's inequality to obtain 



l(V}->- (V} 2Q -V]|U g(T) < (Vr-k|| _ 

?(T) 



< iMUi m ii<vr-' M |i il(T) 



< ||-"||z,g(T) H^IUi(T)- 

The estimate for T~'~ follows from the fact < and we are done. □ 

3.1. Reducing the proof to bilinear and trilinear estimates. Assume for a moment that 
for some 7 > 0, ty + G X^y 2+ . Then in the equation (fT5l) for the right-hand side 

consists of nonlinearities in the form Af(u, v) where 

M G x U [L?Hl x L^ 1 ] U [L™Hl x A* + ]. 

Therefore, in order to prove the theorem (as a result of a contraction argument in X + L ), 

we need to control the nonlinear terms in appropriate norms. More precisely, we shall need 
following estimates for e±, e 2 E {— 1, 1} in order to proceed with the standard contraction 
argument: 



(22) W(u,v)\\ x+ <\\u 

(23) \\Af(u,v)\\ x + < ||w|U-ifi||f||LfHi 



. rwn -, II II^V 1 
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In addition, we would have liked to have 

(24) \\Af{u,v)\\ x+ < \\u\\ L7 >Hi\\v\\ x £ \ 

but this estimate turns out to be false. On the other hand, the entry u is not just an arbitrary 
LfH\ function, but rather a bilinear expression in the form T £l ' S2 (e ±ltL f, e ±ltL g). Due to 
this fact, we replace (|24|) with a tri-linear estimate, see Lemma [7] below. 

We also make the observation that in what follows, we can replace J\f by J\f. Indeed, 
referring to (flOl) and taking into account that e ( A ot+Ai^-)v p reserves Xf b , we have 



2, , . .2 , 



\ V (t)Af(u,v)\\ x ± < CJAf(e^ Aot+A ^ p u,e {Aot+A ^ v v 



Note that for u = e^ A ° t+Al ^ v u, we have from (l20l) that < for all function 

spaces that appear in (1221) and (T23l) and hence, it suffices to establish (l22l) and (T23T) with Af 
replaced by M. 

We state the following results, which will be our main technical tools in order to finish 
the proof of Theorem [Q In them, we assume 7 > 0. 
Our next lemma is a proof of (|22l) . 

Lemma 5. For u, v smooth and < a < 1/2, let 7 be such that 2a — 1/2 < 7 < 1/2. 

7,-£+ 7,^+ 0,1 + 

The next lemma concerns (|23l) . More precisely, we have 
Lemma 6. For u, v smooth and < a < 1/2, let 7 : 7 < 1/2. 

7,-2 + 

Finally, we deal with the tri-linear case, which is necessitated due to the failure of the 
appropriate bilinear estimate. 

Lemma 7. For < a < 1/2 and 7 < min(l — 2a, 1/2), and u, v, w smooth, 

\\Ar(T £ ^(u,v),w)\\ x+ <N| x n |M| X * 2 |M|j^ . 

Remarks: 

• From Figured! we note that 7 = is permissible up to a < 1/4. This leads to the 
case described in fl6]. The restriction 7 > 2a — 1/2 comes from Lemma [5J It is 
easy to see from this graph where improvements can be made via the normal from 
method. 

• The restriction 7 < 1 — 2a results from Lemma|71 and this is shown to be sharp in 
Section |44| This leads to the restriction a < 3/8 instead of our original conjecture 
a < 1/2. 

4. Proof of the bilinear and tri-linear estimates 
For the purposes of estimates, we treat Af(u, v) ~ (V) _a ((V) a, u(V) Q: t'). 
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1 

2 
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D 
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Figure 1 . Permissible region for (a, 7) 



4.1. Proof of Lemma |H Let Xj = Tj— forj = l,2wherer = r 1 +r 2 and^ = £i+^2- 
First we localize modulation r — e£ 2 of functions u, v by writing for example 



u 



V, = X[2*,2*+1)((t - £i£ 2 ))m(t, f )• 



fc=0 



So in the following, we will assume that Ai ~ Li, A2 ~ £2 and r — £ 2 ~ L for some 
dyadic indices L±, L 2 , L. At the end of the estimate, we will have the bound in terms of 
summable constants in all dyadic indices (e.g. Lmi£ 10 where L max = max(L, L 1; L 2 )). 

We will show computations for the case Li = L max . It will be clear that the other cases 
follow in a similar manner. Applying the duality (A+J* = X~ b , we compute 



\\N(u,v)\\ 



x 



sup 



sup 



o,i-« 



/ Af(u,v) (Vywdxdt 

JR'xR 1 

l£l(£i> a (6> Q 



/ 



T\ + T2 = T 

61 + 6 = e 



(0 1 



+0—7 



< Mi sup 



Tl + T 2 = T 

6 + & = t 



Lf \t,iV\u\ 



\v\ \w\ da 



<Mi sup \\(XiK S (0M\ L ^\\^\v\\\ Li H^ 1 

||tu|L =1 * ,J: 



w\ 



0,%-S 



0,-k+S 
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where 
(25) 



M 1 



sup 



(£i) Q - 7 <&} ( 



max 



Note that we have used the embeddings 1/ , 2+ C Xq 1 , 2 _ C X^ 3 , g C L\ x to obtain 
the last inequality above. 

It suffices to show that M\ is bounded by summable constants in L max . Let N : = 
max(£i, £ 2 ) an d n °te that £ < 2N when £1 + £2 = £• Also we note the following 

Ax + A 2 = r - e + [(£1 + £ 2 ) 2 - ^i£ 2 - £ 2 £ 2 2 ] ■ 

^2 „ C 2 £2 ,2, 
r2 



Therefore, we must have L max > |(£i + £ 2 ) 2 - £i£i - ^£2 1- 



Case 1. When e\ = e 2 



•1, we have L max > N 2 . First if a > 7, then Mi < 



N 2a 7 L m l x < X 2a 7 1+4<5 L m ^ x . Therefore, we need to have 7 > 2a — 1 and appropri- 
ately small 7 > 0. 

Otherwise, if a < 7, then Mi < N^L\ 



\ 5 < N ^+^L-t 



so 7 < 1 would suffice. 



Case 2. If e\ = e 2 



-1, then we have L max > £ x £ 2 . Then 



Mi< 



(a) 



(6) 



If a > 7, then it suffices to require 7 > and a < 1/2. 

If a < 7, then it suffices to require 7 < 1/2 and 2a — 1 < 7. 

Case 3. The remaining cases are either £1 = +1, e 2 = — 1 or £1 = — 1, £ 2 



+1. The 



first case gives L max > ££ 2 and the second gives L max > ££1. So we have respectively 



Mi< 



(£i) a - 7 <6> 



a-I+25 



or 



<£i> 



\S/ max \S/ max 

In both cases, if £ ~ N, then it suffices to require 7 < 1/2. 

If £ < N, then both estimates give M 1 < N 2a ~^ +2& L'i^. Therefore we need to 
require 2a — 1/2 < 7. We remark that this is the strongest bound which as appeared for 
this lemma. 

Next, we prove Lemma [6J 

4.2. Proof of Lemma HI We will ignore the gain due to A 1 / 2- for this proof. 



\Mu,v)\\ L 2 tH2 ~ 



\- |£|(£i) a (£ 2 )% „ 



E 



(0 1 



T'5 



(O 1 



+Q-7 



•[(6>^i)][(6>^^(6)] 



<M 2 



(V>« 



(V)r 



<M> 



(V>« 



T7 X 



(V)i 



<<5 M 2 |H| I/ e» ff i IMIiSffi < T M 2 ||u||i«.j ? -i||v||i,o ? Hi(T) 
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where 

M 2~ SUp — — . 

Note that we have used Sobolev embedding H^ 2+ (T) C ££°(T) above. To prove the 
desired estimate, we need to bound M 2 by an absolute constant. 
If a > j, then it suffices to have a < 1/2. 
If a < 7, then it suffices to have 7 < 1/2. 
Lastly, we prove Lemma U\ 

4.3. Proof of Lemma H In this proof, we will cover the cases when s\ = +1 and e 2 = 

— 1; or £1 = e 2 = +1. The remaining case e 1 = e 2 = — 1 is easier due to a faster decay in 
£1, £ 2 , so it will not be argued here. 

Case 1. First we consider the case where £\ = +1, £ 2 = — L Let A 3 - = Tj — £j& for 
j = 1, 2, 3, 4 where e 4 = — £ = — 1. As in the proof of Lemma[5l we localize modulations 
of each functions with respect to dyadic indices Li, L 2 , L 3 , L 4 so that (tj — £j£j) ~ Lj 
for j = 1, 2, 3, 4. In the end, we will have an estimate in terms of a summable bound for 
imia '■— max(Li, L 2 , L3, L4). 

Let T := {(r, f ) G R 4 x Z 4 : n + r 2 + r 3 + r 4 = 0, f 1 + 6 + & + & = 0} and let rfa 
be the inherited measure on T. Then 



||A/-(T + '-(^)^)llx+ , ~ sup 

_ I _L * 11.11 



1 



a(0 £1) u(t 2 , 6) M r 3, £3) z(r 4 , £4) 



r 



where 



+ 

and a(£) = otherwise. If L max ~ L\ for instance, the integral above can be estimated as 
follows. 



L 



auvw z\ da < 



< 



-;— \{ uvwz 



da 



< 



sup 



sup 



a(£)iV 



-1-5 

^max 



v max 



I ^1 ^ I Uf J I W <5 W <5 [^4 ] II L?. 



o,i+« IMIlf ||w*||z,« 11-^4 ^lUf,, 



A 



hS \\w\\ x0 ,i +s \\Z 



whereLetiV^maxd^U^U^U^I),^ := ^ [<0~*l«l(^0] and 

(ei) a (e 3 ) Q (£4) 7 - Q iV 35 



M 3 := sup 



5 

max 
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Note that we have used X 0+ '^ + C L\ x for the last inequality. Now it suffices to bound 
M 3 by a constant summable in L max . First we observe the following two scenarios: 

4 

(26) e 3 = +1 : ^ X, = + £ 2 2 - g + 6 2 = 2(6 + 6X6 + 6); 

4 

(27) e 3 = -i : ]T A, = -6 2 + 6 2 + 6 2 + 6 2 = -2(66 + 66 + 66)- 

i=i 

We split into the following cases for this estimate: 

Case 1A. If |6 + 61 > max(|6|, |6l), then for a < 1/2 and 7 < 1/2, 

m 3 < <M^!! < — 



t £ rvj _L_A 

(6+6) 1 - 7 (6) 1/2 ^max Lmax 

So we are done. Negation of Case 1A gives |6 + 61 ^ max (|6l> 161)' which implies 
6 ~ 6 because of the relation 6 + 6 + 6 + 6 = 0. The next case covers the possibility 
that 6, 6 ma y be large with opposite signs. 

Case IB. Negation of Case 1A and also max(|6|, |6|) ~ N. Note that since |6 + 6l ^ 
N, we must have 6 ~ 6- Then 

(6) 7 



1 _ sr ' 

/\Tl-2a-3<5 T 2 



So we must have 7 < 1 — 2a. This is where the upper bound in Lemma[7]for ^ originates 
from. We remark that this is completely necessary due to the cases such as 

(28) & = N + 1, & = -N, & = N, U = -N-l. 

Note that if above holds, L max does not have to be comparable N in the case (1261) . thus 
the bound for M 3 cannot be improved. We have used (|28|) to construct a counter-example 
for the cases 7 > 1 — 2a. 

By similar computations as above, the special case 7 = 1 — 2a can be shown to be true 
if X 0)l l 2+ C L\ x were true. However, this is an open conjecture of Bourgain (see [3]) and 
it does not have a significant bearing on our conclusion, so we overlook this case. 

Case 1C. Now the remaining case is when max(|6|, |6l) ^ N. Recall that N ~ £3 ~ 
6- This implies that 6 + 6 ~ N, so the case (|26l) gives that L max > N. The case (1271) 
is even better since this gives L max ~ A^ 2 . So we take the lesser of these two bounds to 
estimate M 3 below. Since |6| < 2max(|6 + 6|> I6|)> 

M3 < -, „ N T' 5 < N^ +5S L' 5 



(6 + 6)(6) 1 " 



■ i-s 



-Tnax 



max ' 



So it suffices to require 7 < 1/2. This exhausts all cases for Case 1. 

Case 2. Now we consider the case where ei = e 2 = +1. Following the same arguments 
as in the previous case, we have 

a{0 ~ (6)^(6)^ if 666(6 + 6)^0 
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and a(£) = otherwise. By the same series of estimates, it suffices to estimate M 4 by a 
constant summable in L max where 

M 4 := sup j — . 

In this case, we have the following scenarios: 

4 

(29) £ 3 = +1 : ]T Xj = -6 2 - tl - tl + 6 2 = 2(66 + 6[6 + 6]); 

3=1 
4 

(30) £ 3 = -1 : ]T \ = -e? - £2 + £3 + £ = 2(6 + 6X6 + 6)- 

j=l 

Case 2A. If |66l > then M 4 < N~/ +a ~ 1+3(5 L m i x 2+<5 . So we are done since 7 < 1/2 
and a < 1/2. 

Case 2B. The remaining cases must have |66| ^ N, which implies 6 ~ 6 ~ N. 
Then the case (1291 gives L max > AT. On the other hand, the case (1301) gives L max > iV 2 . 
We use the lesser of these two to estimate 

M 4 < —, < N~<-2 +55 L- 5 . 

4 ~ I_ s ~ max 



L 2 



max 



Since this is summable for 7 < 1/2, we are done. 

4.4. Failure of Lemma |7]if 7 > 1 — 2a. In this section, we construct an explicit counter- 
example to show that the following estimate fails 

(31) ||A/"(T + '~(w,t;),«;)|| x+ <C s \\u\\ x + \\v\\ x - \\w\\ x+ . 

Given 77 G St(M) and N ^> 1, let u, v, w be defined as follows: 

u{t, x) : = r] {t)e i ^ +1 ^ N+1 ^; v(t, x) = V (t)e- lN2t - lNx ; w{t, x) = V {t)e mH+iNx . 

First, we remark that the right side of (|3TI) is equal to C|M| 3 1/2+s , where C is indepen- 
dent of N. Substituting these functions to (fl3l) . we obtain 



T + >-(u,v)(t,x) = C a r}\t) 



, ,, (N + i)<x(N) a e i( - 2N+ V t+ix 



N \(N + 1) - (N)] + (N) - y/2 
Recall J\f{u, v) = |V|(V)" 1_Q [(V) a u(V) a v]. Then writing <\> = rj 3 , we have 

|JV_|_ i|(]V) 2a e i(iV+1)2i+i(Ar+1):r 



Af(T+-(u,v),w) = C a <f){t)- 



(N + 1)(N [(N + 1) - (N)] + (N) - V2) ' 
Then 

(32) \\M(T + -(n, v) M II,, = C(N, a, T ) ( jf ^ + l-» ^ 
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where 

\N + l\(N) 2a 



C(N,a,-f) := C- 



(N + iy-^(N [(N + 1) - (N)] + (N) - y/2) ' 
Note that the integral in (|32|) becomes independent of N after a change of variable. Also, 
for large N, C(N, a, 7) ~ _/v 2q+7_1 . Since the right side of (HB is independent of N, the 
trilinear estimate cannot hold if 2a + 7 > 1. 
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